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Abstract. This paper approaches a scheduling problem with parallel non-related machines, sequence-
dependent setup times, due dates, weighted jobs and eligibility constraints. A branch and bound algorithm
(B&B) is developed and a solution provided by the metaheuristic GRASP is used as an upper bound. In-
stances are generated and solved by the B& B. The results are compared to the solutions found by the MILP
solver XPRESS. The algorithmis shown experimentally to perform very well for problemswith up to 17 jobs.
A conclusion is shown, and new tests for the full article are proposed.

1. Introduction

In the industrial context, scheduling problems are related to Manufacturing Resource Planning (MRP). Programming is
made according to the planning horizon. Ldaegn decisions have strategic characteristics and are, therefore, taken by
high administration. The short term is known as the tactical level. In this level, the objective is to plan production in order
to minimize the manufacturing costs. The demand and due dates are, usually, already defined. The main objective is to
define the processing sequence in order to meet both demands and due dates.

A scheduling problem with sequence-dependentsditme is one of the most complex scheduling prob-
lems. Considering one machine and one stage, the problem is equivalent to the traveling salesman [Luh et al., 1998].
[Garey and Johnson, 1979] showed that minimizing the makespan considering two identical machines is an NP-hard prob-
lem. Certainly, a problem considering non-related machines, due dates, eligibility constraints and sequence dependent
setups is also NP-hard.

There is much research work considering parallel maehibut few consider parallel non-related machines and
sequence-dependent setup times. [Acero and Delgado, 2000] use a heuristic based on tabu search [Luh etal., 1998]
considering parallel non-related mamhs at each stage, but it doesn’t consider sequence-dependent setup times.
[Luh etal., 1998] and [Liu and Liao, 2000] use dynamic paygming for a problem with sequence-dependent setup
times. [Rabadiet al., 2004] use a branch and bound for an early/tardy scheduling problem considering one machine
with sequence-dependent setup times. There is more research work using branch and bound [Roundy et al., 1999].
[Hans-Joachim and John, 1996] approach a problem of job shop with no sequence-dependent setup timemis using
straint programming. [Koulamas and Kyparisis, 2004] consider a makespan minimization problem on uniform parallel
machines with release times. For a problem with similar characteristics, [Pinedo, 1995] suggests several heuristics.

An adaptation of the metaheuristic GRASP (Greedy Random Adaptative Search Procedure)
[Resende and Feo, 1995] is used to find an upper bound for our problem. We have also referred to [Feo etal., 1991]
and [Feoetal, 1996], where applications of GRASP for one-machine scheduling problems are shown, and
[Resende et al., 2002], who show an interesting application of the metaheuristic for job shop problems.

In this paper we consider a particular problem. There are two groups of machines: one with identical charac-
teristics and another composed by non-related machines. We also consider two kinds of jobs: any machine can process
the type A jobs, but only the group of non-related machines can process the type B jobs. We also consider sequence-
dependent setup times. As known, problems involving secprelependent setup times are specially difficult. In addition,
we consider due dates and weighted jobs.

The objective of this research is to hybridize the metaheuristic GRASP as an upper bound for a branch and bound
procedure. Much work has been done about the application of GRASP to our problemef&avetti, M. et al., 2003].
In this research we intent to find not only a good solution for our problem, but also to find and prove the optimal solution.

This extended abstract is organized as follows: SaQigives the definition of a branch and bound algorithm
and the customization for our problem. Section 3 explains how the metaheuristic GRASP works. Section 4 shows the



MILP model used to compare our B&B. In Section 5, the instances for the problem are defined, tests are detailed and
results are shown. Section 6 gives a conclusion for this extended abstract and states what should be expected from the full
article.

2. The Branch and Bound Algorithm (B&B)

A B&B is a specific enumeration tree stratedy.a B&B, there are three main proceduréstialization, branching and
bounding. During theinitialization, a fast heuristic is used to find a good initial solution, which serves as an upper bound
(UB).

Branching divides the problem into smaller sub-problems. Each sub-problem represents a partial solution and
is represented by a node in the tree. A search strategy must be associated with the branching. It decides which node
should be branched next. Tk helps to prune nodes from the search tree that have a lower bbBpdreater thatuB
(minimization problem).

The bounding procedure calculates thé3 for each node in order to decide which node should be pruned and
which should be branched next. In the following sections, the three procedures are customized for this scheduling problem
and described in more detail.

2.1. Initialization

During the initialization, a completenitial solution is found to serve as &B. Any node in the enumeration tree with
a LB greater tharUB can be pruned. In this paper, we use the a simple greedy heuristic to find our first solution. This
heuristic consists of two phases: ordering the jobs and assigning them to the machines.

Initially, the jobs are ordered in a natecreasing order using the due datesaing rule. Following this order,
each job is assigned to the machine cdpalbfinishing the job first. This gredy function was chosen arbitrarily.
2.2. Branching

The branching procedure develops the enumeration tree.r@uoching scheme is divided into 2 phases. In the first phase,
the jobs are assigned to the machines, but no processing®egaelefined. This sequence is decided only in the second
phase.

The first branching scheme for our B&B starts at the root of the tree (level 0), where no jobs are assigned. At
level 1,m nodes are created to machines. For each node in this level a derfab is assigned to a specific machine.
For example, with a number of machines= 2 and a number of joba = 6, at level O there is one node with no jobs
assigned. At level 1, 2 nodes are created, and a certais jdsigned to each machine. This goes on until level 6, where
all 6 jobs are assigned. The first branching scheme is illustrated at Fig. 1(a).

Now, the job sequence must be decided. Suppose a particular node at level 6 where 3 jobs are assigned to
each machine. The second braimgfscheme begins at the first machine. Fas particular node at level 6, the branching
scheme creates 3 nodes at level 7, where a certain job frofingtymachine is assigned to the first position of the sequence

Level 0
@ Level 6
Level 1
@ @ tevel3
Level 8
@ w tevels
Level 5

(a) First branching scheme (b) Second branching scheme

Figure 1: Illustration of the branching schemes



in this machine. For each node at level 7, 2 nodes are created at level 8, where each remaining job is assigned to the second
position. The earliest due date is the most common way of assigning jobs and also used in this B&B. However, this is not
necessarily the best job-assigning method when you have sequence-dependent setup times. The second branching scheme
is illustrated at Fig. 1(b).

To avoid a full enumeration of the tree, a bounding procedure is applied to iBd@ each node. For a certain
nodei at levelk, if LB;;, > UB this node is pruned. Obtainind 8 at each node is not only useful to prune nodes, but also
to guide the search. In this B&B, at each level in the first phase, the node with the siBliesollowed. The derivation
of theLB is discussed in the following section.

2.3. Bounding

In this section, a lower bound algorithm for a given partial solution is presented. Since this B&B is elaborated with two
branching schemes, two different bounding algorithms are developed.

In the first branching scheme, the sequence is noteldfiet. The processing times for the assigned jobs and the
smallest processing times for the non-assigned jobs are added considering the smallest setup time. The result is divided by
the number of machines to give thB for the makespan. The processing times for the jobs assigned to a certain machine
considering the smallest setup time is alsoBafor the makespan. Since the due date for a job may be smaller than its
processing time, theB for the weighted tardiness is also calculated. FinallyltBdor the makespan is added to thB
for the sum of the tardiness penalties for all jobs, giving ud#éor the partial solution.

For the second branching scheme, tBds calculated in a different way. After choosing the next job,ltBdor
the makespan and for the tardiness are updatedLBHer the tardiness is updated considering the earliest possible start
time for each unscheduled job.

3. GRASP (Greedy Random Adaptative Search Procedure)

Besides the greedy function described in Section 2.1, wehesenetaheuristic GRASP with different configurations to
find our first solution to evaluate it as &tB for our problem. This metaheuristic consists of two phases: the construction
of a feasible solution and a local search. 3&éwvo phases are repeated for each iteration.

Initially, the jobs are ordered in a natecreasing order using the due datesading rule. During the construc-
tion phase, the algorithm randomly reorders the array by se&a specific probability distribution. In this paper, the
probability function isf(z) = 1/, wheref(z) represents the probability for thé” job to be chosen next. Finally, a
greedy function is used to schedule the jobs. The local search, arbitrarily chosen, works switching all the existing pairs of
jobs assigned to different machines in the first phase.

We also use path relinking (PR) at the end of each itemattiointensify the local search. Even so, there are
several ways to implement this technique. In this paper, PR works as follows: first, a pool of good solutions is retained.
Every time PR is used, a solution is randomly chosen from this pool. Then, all solutions in the path from the solution
found in the local search to the selected solution from the pool are analyzed. If a better solution is found, it is added to the
pool.

4. MILP (Mixed Integer and Linear Programming) Model

To verify that the B&B produces optimal solutions, a set of problems are solved using MILP. We use a previously proposed
MILP model [Gdmez Ravetti, M, 2003]:

e M: set of machines

e [L: set of identical machines

e N: set of jobs

e d;: due date for job

e w;: weight for jobi

® p.n: processing time for job at machinen

e s,.m. Setup time between jolisand:’ at machinen
e G: abig integer

Decision variables:

e «;,,: 1ifjob iis processed at machime, 0 otherwise
e t;: processing start time for job



e (iim: 1ifjob i is processed at machime before joby’
e p;: tardiness for jol
e Z: makespan

The problem can be formulated as:

Min(Z + > pi x w;)

iEN
s.t.:
> aim=1, VieN 1)
meM
Each jobi will be processed at one machine.
di +pi >ti+pim— (1 —aim) xG, Yie N, YmeM (2)

The start time for joly added to its processing time at machinemust be equal to or less than the due date
added to a possible tardiness

Z>ti+pim—(1—aim)xG, YieN, VYmeM A3)

The makespan is either greater than or equal to the start time of everagliied to the processing time for job
1 at the machine where it is processed.

(1 - aim) x G+ (1 - ai’m) x G+ (1 - ﬁii’m) X G4ty
(1 - aim) X G + (1 - ai"rn) X G + ﬁii"rn X G + tz

ti + Pim + Siirm (4)
tir + Pirm + Sivim (5)

(AVARYS

Vi # 4, {i,i'} € N\Vm e M

The first equation states that jobwill be processed at machime after the start of job added to the processing
time for job: at machinen and to the setup fromto ' at machinen, if job i’ is processed at machinme after job:.
The second equation states the reciprocal. Aijabll be processed at machine after the start of job’ added to the
processing time for joly at machinen and to the setup front to i at machinen.

Z Qim < Z Qi Ym </, {m, m'} eL (6)

iEN i€EN

The last constraint determines that a machine cannot process more jobs than a machine of the same type with
greater index, i.e. a machime cannot process more jobs thari if m < m’ andm andm’ are of the same type. This
constraint eliminates simetry among the solutions.

5. Tests and Results

Instances are generated following uniform discrete digtibns. The processing and setup times are generated in a
triangular form, where the processing timggs, range fromb to 15 and the setup times;,,, range froml to 7. The due

dates are related to the number of jabsand the job priority is a random number, where the due dgtesnge froml

to V x 3.5 and the priorityw; ranges from to 3. The machine configuration has 6 maws, where 4 are identical and

2 are non-related. It is also set that a job has a probability of 50% for being type A, and 50% for being type B. Data for
problems with number of jobs ranging frofnto 17 is generated. For each problem size, 10 instances are generated (a
total of 110 instances).
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Figure 2: Comparison between the performance of the XPRESS MILP solver and the B&B

5.1. Comparison between the B&B and the MILP

The MILP presented in Section 4 is modeled as an LP, and solved using XPRESS 14.27. XPRESS, as well as other MILP

solvers, uses built-in algorithms that fihds by linear programming relaxation. For more information on XPRESS,
please see [Dash Optimization, 2004].

The time needed to solve some problems of 12 jobs using XPRESS is more than 1.5 hour, which makes the
MILP impractical for solving larger problems. The set of problems with size from 7 to 12 jobs is solved by XPRESS. The
solver is unable to solve two of these instances due time constraints. These two instances are not considered here. The
same set of problems is solved using the B&B developed in this research, which obtains the same optimal solutions as the
MILP solver with CPU of seven seconds or less per instance. Fig 2 compares the performance of the solver to the B&B
developed in this research. It is clear that the B&B outperforms the MILP solver. The significant difference is due to the
fact that the B&B developed here is tailored to this problem, while the MILP solver uses generic algorithms.

5.2. Upper bound (GRASP) effectiveness test results

The improvement on the number of nodes branched is an interesting method to measure the efficiency of GRASP as an
UB for our problem. We calculate the improvement by satiting the number of nodes branched with GRASP from the
number of nodes branched without GRASP and dividirggrsult by the number of nodes branched without GRASP.

This way, we can obtain the percentage of nodes that didn't need to be branched thankiB&olthese results are shown
in Table 1.

All configurations of GRASP had very similar results with the smaller numbers of jobs. As the number of jobs
grows, the differences among them become clear. With 9 jobs there is some difference between GRASP at 100 and 1000
iterations, but none between 1000 and 20000 iterations. With 13 jobs is the first time a difference between 1000 and 20000
interactions appears. This differ@mnis greater with 16 and 17 jobs. From these results, we can see how important an
efficient upper bound is to our problem. When the improvement at 100 iterations is the same as at 1000, it means GRASP
finds the same solution at 100 iterations as it does at 1000. In the worst cases there is no improvement at all. In these
cases the first solution found by the B&B is either the same found by GRASP or better. Therefore, there is not much to
be improved. The average improvementis between 20% and RBdte best cases the improvement is higher than 95%.

6. Conclusions

The main contribution of this paper is that a B&B was devetbjmesolve instances of a scheduling problem with parallel
non-related machines, sequence-dependent setup times, due dates and eligibility constraints up to 17 jobs within a reason-
able time. The metaheuristic GRASP was tested as arr iggpmd and showed to be effective. The quality of the upper

its. 7 8 9 10 11 12 13 14 15 16 17 Average

100 Min 4.43 0.02 0.00 0.05 0.00 0.00 0.97 0.06 0.00 0.00 0.00 0.50
Avg 40.36 27.83 15.90 22.80 16.75 8.08 23.90 29.72 25.76 12.87 13.69 21.60

Max 85.51 81.87 59.29 43.83 45.92 29.36 56.65 96.62 63.37 35.14 41.37 58.08

1000 Min 4.43 0.02 0.00 0.05 0.00 0.00 1.47 0.06 0.00 0.00 0.05 0.55
Avg 40.36 28.34 17.07 22.80 16.78 9.82 24.10 36.85 26.68 15.51 21.73 23.64

Max 85.51 81.87 70.93 43.83 45.92 29.36 56.65 96.62 63.37 59.44 66.14 63.60
20000 Min 4.43 0.02 0.00 0.05 0.00 0.00 1.47 0.06 0.00 0.00 4.85 0.99
Avg 40.36 28.34 17.07 22.80 16.78 9.82 24.12 37.09 26.68 16.62 28.89 24.41

Max 85.51 81.87 70.93 43.83 45.92 29.36 56.65 96.62 63.37 70.52 66.14 64.61

Table 1: Number of nodes branched by the B&B



bound greatly affects the performance of the B&B, and a better upper bound means better performance, although it may
cost more to calculate the upper bound at the beginning.

GRASP proved to be an efficient upper bound, but it doesn’t guarantee the optimal or a magamtorihe
optimal. Using a branch and bound with GRASP we found a way to guarantee the optimal, even if only for small problems.

The full version of this article includes a deeper analysis of the effectiveness of GRASP as the upper bound,
as well as results with more general set of tests. There is also a full factorial experimental design to test the overall
performance of the B&B.
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